6.1 Areas Between Curves
Area between the graphs:

b
/Xﬂ@—gw»wa f(@) > g(x) on [a,b]

Integral along the y-axis:

d
/me—mww% 9(2) > h(z) on [c,d]

6.2 Volumes
Volume:
b
/ A(y)dy, A(y) is the cross-sectional area
a
Mass:
b
/ p(x)dx, p(z) is the linear mass density
a
Population:
R
27?/ rp(r)dr, p(r) is the radial density
0
Flow Rate:
R
27r/ ro(r)dr, wv(r) is the velocity at radius r
0
Average Value:

1 b
5 / f(x)dz, f(x) is continuous
—al,

6.3 Volumes of Revolution

Disk Method:

7T/b(f(:/v)2 —g(x)*)dz, Outer radius f(x) and inner radius g(z)
Rot’lcation about y = c:

b
w/kkﬂmﬁkmmﬁm% ¢> f(z) > gl2)

b
W/ ([f(z) = = [9(z) — c]*) dz, f(zx) = g(z) > ¢

6.4 Cylindrical Shells

Shell Method:

b
2¢/xmw—mmwm f(2) > glx) > 0

Rotation about = = ¢:

b

2r (@ = lf@) - g do. c<a
b

2r (e 2)lf@) - g do. ca

7.1 Integration by Parts
/u(x)v'(w) dx = u(z)v(x) — /u’(:ﬁ)v(:ﬁ) dx

Choose u so that u’ is simpler than u.

dv must contain the ‘dx’



7.2 'Trigonometric Integrals

COSx, SseCcx are even.

sinz + cos’z = 1

1+ cot’z = csc? x

1— 2
szx:C;S(fE)

sin(2z) = 2sinz cos

d

— sinx = cosx
dx

d 2
—tanx =sec’ x
dx

d

—secx = secxrtanx

dx
/sinxd:c = —cCcoszT

/tanxdx = In | sec z|

/seca:dx = In|secz + tan x|

. 1
— arcsinx dx =

dx vV1—2z2

d 1
— arctanx dx =
T

— arcsecx dx =

dx |x\\/332 -1

241

Everything else is odd.

tan’z + 1 = csc? z

1 2
cos? 4 — +C<2>S<x>

cos(2x) = cos? z — sin? z

—cosx = —sinz
dx
d
—Cscx = —cscxrcotx
dzx

= — CSC2 T

d
dx
/cos:ndx =sinx

cscx dx = In|cscx — cot x|

/cotxda: = —In|cscx| = In|sinz|

1
%arccosxda; = _ﬁ
d 1
— arccot x dx = -
¢+ 1
1

— arcescx dx =

dx _|£L'|\/l’2—1

7.3 Trigonometric Substitution

Vai+c2 x=ctanf

c2—x2 x=csinf

x2 — 2 x = csecf

V22 +br +c¢ Complete the square

7.4 Hyperbolic Integrands

X —X i —X i —X

. et —e e’ +e et —e
sinhz = ——— coshz = ——+— tanhz = ——
2 2 et +e 7T
2 2 et +e %
cschy = ——— sechz = —— cothz = ———
e:t — 671 627 + efx e$ _ efx

/ sinhx dxz = coshz / coshx dx = sinh z

/ sech? z dz = tanh z /Csch2 zdr = —cothz

/ sech xz tanh x dr = —sech / cschxz cothx dx = —cschx

/ dx L
————— = arcsinhx
Va2 +1

dx

————— =—arccoshz z>1

/ vz -1

d
/QE2 =arctanhz |z| <1

1—2
d

/1 x2:arccothac |z| > 1
-z

—arcsechr O<xz<1

/ dx B
V1 — 22

/ dx arccsch #1

- = —ar T T

|z|[vVa? +1

7.5 Partial Fractions

P<m) P(«T) Al A2 An

Q($) N («T—Gl)(m—aQ)...(x_an):x_al+x_a2+...+x_an

Where deg(P) < deg(Q) and Q(x) can be factored explicitly as a product
of linear and irreducible quadratic terms.
If factors are not unique:

Aq
—a)" tribut
(x —a)™ contri uesx—a+(x—a)2+ +




Az + B Asx + Bo A, + B,
z2+b (2 +b)? (2 + b)"
If deg(P) = deg(Q), add terms from the denominator to the numerator

(2% 4+ b)" contributes

and then subtract them again, forming a 1. If deg(P) > deg(Q), use long

division.

7.8 Numerical Integration

y; = fla+jAr)
b—a

T = 55 (o +2y1 +2y2 -+ 4 251 +yn)
b—a (b—a)[2j — 1]
My = ——(f(er) + [(e2) + -+ flen)) ¢j=a+—F
b—a Tyna  2My
Sn = [0 + 4yt + 20 + -+ + 2yn—a +dyn 1 +yn] = —L2 4 N2
3N 3 3
Kg(b—a)3 Kg(b—a)3
EI'I'OI'(TN) = W’ EI'I'OI'(MN) o W
K4(b — a)5 N
Error(Sn) = TISONT Ky > ’f( )(ZL')‘

10.1 Sequences

For sequence a,, if nh_)rrgo an does not exist, then a,, diverges.

A sequence converges if it is either monotonic increasing and bounded
above or monotonic decreasing and bounded below.

A sequence of the form cr”™ is called a geometric sequence.

ap = f(n),

lim f(z) =L = 1i_>m anp =1L

T—00
The Basic Limit Laws and Squeeze Theorem can be applied to sequences.

Basic Limit Laws:

Assuming lim f(x) and lim g(x) exist,
Tr—cC Tr—cC

lim k f(z) = k lim f(x) For constant k

lim [f(x) + g(a)] = lim f(x) + lim ()

lim f(z) - g(x) = lim f(z) - lim g(x)
’ f(ac) _ lim f((l:)

— Tr—cC
veg(x)  lim g(x)

tim (£(2))"'* = (tim £@))"", paez q#0

r—c (w—m
Squeeze Theorem:
f(z) < g(x) < h(z),

L’Hopital’s Rule:

lim f(z) =limh(z) =L = limg(z) =L

r—c r—c Tr—cC

/
If lim f(z)= lim g(z) =0 or oo and f/(ac) exists then
T—00 T—00 g (x)
!/
i 1) _ i 1)
z—o0 g(x) w00 ¢'(x)
10.2 Infinite Series
o0 N
Z a, is convergent, and converges to L if lim Z an, = L exists.
n=k N=oo n==k

It is divergent if the limit does not exist.

Divergence Test:

o
Z an is divergent if lim a, # 0
n— oo
n=~k
Convergence of Geometric Series:

> C?“k
ZCT” = 17—7“7 |7"| <1
n=k

Geometric series diverge if || > 1



7.6 Improper Integrals

Convergence of Improper Integrals:

o R
/ f(z) dx converges if lim / f(z) dx exists and diverges otherwise.
a R—oo J,

b R
If f(x) is continuous on [a,b) then / f(z)dz = lim / f(x)dx
a R—b— J,
P-Integrals:
* dx . . .
—, converges if p > 1 and diverges otherwise.
x
a

Comparison Test:

() > g(z) >0forz>a

/ f(x) dx converges =—> /

/ g(z) dz diverges — / f(x) dx diverges

x) dx converges

10.3 Convergence of Series with Positive Terms

The partial sums of a positive series form an increasing sequence.
Dichotomy Theorem:

Positive series converge <= the series is bounded.

Integral Test:

an = f(n)

f is positive, decreasing, and continuous for x > k.

/ f(x) dx converges = Z a, converges.
n=~k

/ f(z) dz diverges — Z an diverges.
n=~k

P-Series:

oo
1

E — converges if p > 1 and diverges otherwise.
n

n=~k

Comparison Test:
0<a, <b,Vn>k

E bn converges — E an converges.
n=~k n=~k

oo oo
Z an diverges — Z b, diverges.
n=~k n=k

Limit Comparison Test:

L= hm —
n—00 b
L >0, Z an converges <= Z b, converges
n==k n==k
oo oo
L = oo, Z a, converges —> Z b, converges
n==k n=~k
(e.] o
L =0, Z b, converges —> Z an converges

10.4 Absolute and Conditional Convergence
Absolute Convergence:

o o0

Z lan| converges —> Z a, converges absolutely.

n=~k n=k

Absolute convergence => convergence.

Conditional Convergence:

o oo oo
g an converges, E |an| diverges = E an converges conditionally.
n=~k n=k n=k

Alternating Series Test:
If a, is alternating and decreasing, and li_)m an, = 0, then a, converges.
n oo

Decreasing of a series can be found by proving that a, > any1, and or



through the use of the derivative of a,, = f(n). i f™(e)(x —c)™
|
n=0 ’

n
10.5 Ratio and Root Tests The Maclaurin series is the special case where ¢ = 0
Ratio Test: Root Test: Function Maclaurin Series Converges
. An+1| _ - g . > pn 2 3
Jim o =L lim {/|ay| =L e ZH Ltadop ot Va
00 n=0
For either test, Z a, converges absolutely if L < 1, and diverges if L > 1. . = (—1)"z?ntt 23 25 a2l
sinz 27 T— ot — 5t Vo
n=k = (2n +1)! 3 57
The test is inconclusive if L =1 0 (_1)n$2n , 22 ph 6 y
Ccos T ;:()W —54—1—5—%--- x
10.6 Power Series 1 o0
o0 Zx” l+z+a?+a2° 4. lz] <1
. . . . n 1—=2
A power series with center c is a series of the form Z an(z —c)™. n=0
1
n=0 _1\n..n _ 2 _ .3 .
Power series have a radius of convergence R such that they converge ab- 1+zx Z%( ' L-odam =+ [ <1
n=
o (_1)n71$n .%'2 1’3 ZC4
solutely for (¢ — R,c+ R) and diverge for (—oo,c — R) U (c+ R,00). The | In(1+ z) 27 x_?+§_z+... 1<z<1
n
n=1
endpoints may converge or diverge. The ratio test is often useful to find s (_1)";(;2”+1 3 b 27
arctan x 27 r——+ = —=-4+-:-- —1l<z<l1
. . . 2n+1 3 5 7
the radius of convergence. R = 0 if the series converges only for = ¢ and i~
(14 2)° Z a\ n L+ +a(a—1)x2+ 2 <1
ar + ————+ -+ x
R = oo if the series converges Vx. Power series can be differentiated or = \n 2!

integrated by differentiating or integrating the general term. . .
11.1 Parametric Equations

8.4 Taylor Polynomials Parametric curves are curves of the form c(t) = (f(t), g(t)).
! EEAY " AW (n) _\n
To(z) = f(c) + f'c) (f' ) + f(c) (;' c) NN M Every curve C can be parameterized in infinitely many ways. Furthermore,
The Maclaurin Polynomial is the special case where ¢ = 0 c(t) may traverse all or part of C' more than once.
‘f(n+1) (I‘)’ . |IE _ a|n+1 dy dy/dt y/(t) ’
o = ) £0
Error < (n+1)! de  dx/dt  2/(t)’ v () #

10.7 Taylor Series

Taylor series of f(x) centered at z = ¢



8.1 Arc Length and Surface Area
Arc Length:

b
/ V14 f/(z)?dx

Surface Area of Revolution:

b
271'/ f@)vV1+ f'(x)?dx

11.2 Arc Length and Speed
Arc Length:

[ v yara

S(;rface Area of Revolution:

o [yl /) 5 R

Speaed at time t¢:

ds_ / 2 / 2
= VIO YD)

9.1 Solving Differential Equations
A differential equation has order n if y(”) is the highest-order derivative
appearing in the equation.
A differential equation is linear if it can be written as:
an(@)y"™ + a1 @)y + -+ ar(2)y + ao()y
Separable first-order equation:
Y~ F@tw)
Separation of Variables:
dy

@:f(:ﬂ)da:

9.2 Models involving y' = k(y — b)

The solution of y' = k(y — b) is y = b+ Ce** for constant C.

Equation £ > 0 Behavior

U — 1 — 1 1 = — 1

y =k(y—0b) th_glo y(t) =00 if C' >0, th_glo y(t) o0 if C <0
f— — 1 =

y =—ky—b) limy{t)=>

11.3 Polar Coordinates

r=rcosf y=rsind

r=+\/x2+y>? tang = 2
x
(r,0) = (r,2rn), nezZ

(—=r,0) = (r,0+m)

(0,61) = (0,62) V0

11.4 Area and Arc Length in Polar Coordinates

Area:
B
;/a (F(0)2—g(0)>) do, f(x) > g()

Arc Length:

B
/ NGOESROR



12.7 Cylindrical and Spherical Coordinates

Cylindrical Spherical Rectangular

(r,0,2) (p,0,9) (z,9,2)

r:m pZ\/m x =rcosf = pcosfsing
tan@z% tanQZ% y=rsinf = psinfsin¢o
z=z cosqﬁz% Z=2z=pcoso
0<6<2m, 0<op<m




